In this paper we investigate the existence and uniqueness of positive continuous solutions for a q-analogue of Volterra and Fredholm integral equations of first and second kinds. We derive the results by using three fixed point theorems introduced by Bushell in [7, 8] . Bushell derived his theorems by using the Cayley-Hilbert projective metric and Banach fixed point theorem. We also include some uniqueness criteria for the solutions of certain nonlinear q-integral equations provided that the solution exists in certain function spaces.
Introduction
The Cayley-Hilbert metric is a useful tool in proving the existence of unique fixed points for positive homogeneous operators defined in real Banach spaces. See [6, 8] for a brief account of the theory. According to Bushell [6] , the usefulness of Hilbert's metric in algebra and analysis was made clear by Birkhoff [5] in 1975. Birkhoff showed that the PerronFrobenius theorem for nonnegative matrices and Jentzch's theorem for integral operators with positive kernel could both be proved by an application c 2014 Diogenes Co., Sofia pp. 61-78 , DOI: 10.2478/s13540-014-0155-7 of the Banach fixed point theorem in suitable metric spaces. In [7] , Bushell introduced two existence and uniqueness theorems of fixed points for class of positive operators defined on a closed cone of real Banach space. In [8] , Bushell derived new existence and uniqueness theorem for fixed points for class of positive homogeneous operators with an explicit lower and upper bound estimates for the fixed point. He used these results to prove the existence and uniqueness of solutions of class of Volterra and Fredholm integral equations in [7, 8] . Closely related applications are in Potter's work, see [22, 23, 24] . Recent applications to the theory in Algebra are in [13, 19, 20, 21] . This paper is organized as follows. Section 2 is a preliminary section, it contains the notions and notations from q-analysis which we need in our investigations. In Section 3, we introduce some uniqueness theorems for solutions of the equation φ(x) = I α q φ p in certain spaces provided that the solution exists, where p, α are positive numbers, and I α q is the Riemann-Liouville fractional q-integral operator defined in (2.6) below. Section 4 is concerned with the existence and uniqueness of positive continuous solutions of equations of the form 1) in certain space where the kernel function K(x, t) and f satisfy certain conditions. In particular, If K(x, t) = x α (qt/x; q) α−1 , α > 0, we prove the existence and uniqueness of positive continuous solutions of
under certain prescribed conditions on the function λ and the parameter p. We also give explicit upper and lower bound estimates for solutions of (1.1), (1.2) when f ≡ 0. The last section is devoted to q-analogues of Fredholm integral equations of first (f ≡ 0) and second kinds, i.e. equations of the form
in a cone of the real Banach space C[0, 1].
Preliminaries and q-notations
Let q be a positive number which is less than 1, N be the set of all positive integers, and N 0 be the set of all nonnegative integers. In the following, we follow the notations and notions of q-hypergeometric functions, the q-gamma function Γ q (x), and Jackson q-exponential functions e q (x), as in [9, 14] . The q-shifted factorial, see [9] , and the multiple q-shifted factorial are defined by
(2.1) The limit, lim n→∞ (a; q) n , exists and is denoted by (a; q) ∞ . For γ ∈ C, aq γ = q −n , n ∈ N, we define (a; q) γ to be
By a q-geometric set A we mean a set that satisfies if x ∈ A then qx ∈ A. Let f be a function defined on a q-geometric set A. The q-difference operator is defined by
Jackson [15] introduced an integral denoted by 5) provided that the series at the right-hand side of (2.5) converges at x = a and b. A q-analogue of the Riemann-Liouville fractional integral operator is introduced in [2] by Al-Salam through
which is valid for all α. A q-analogue of the two parameter Mittag-Leffler function is defined by
see [3] . For further studies of the Mittag-Leffler functions and the R-L fractional operator, see for example [4, 14, 25, 11, 12, 10, 16, 18] . In the following, we define some function spaces that we shall need in our analysis. For a positive number a, we define the space L 1 q (0, a) to be the space of all functions f defined on (0, a] satisfying 
such that |y − x| < δ. Now, we introduce the notations and notions from [8] concerning the Cayley-Hilbert's projective metric. Let X be a real Banach space. By a cone in X, we mean a closed subset
An operator S : K → K is said to be nonnegative if Sx ≥ 0 for all x ∈ K. S is said to be positive if Sx > 0 for all x ∈ K. S is homogeneous of degree
Some Uniqueness Criteria
In this section, we prove the uniqueness of solutions of
in certain function spaces under prescribed conditions on p. The following inequality gives a q-analogue of the generalized Gronwall's inequality introduced by Kilbas and Saigo in [17] . Therefore, we call it the generalized q-Gronwall's inequality.
Lemma 3.1. Let α, c, and a be positive numbers satisfying the relation
Proof. The right part of inequality (3.2) can be written as
Hence,
We can prove by mathematical induction on m that
Consequently,
Now taking the limit as m → ∞ in (3.6) gives
and proves the lemma. Proof. We suppose that (3.1) has two solutions φ 1 (x) and
As easily found, the estimate
follows from the mean value theorem. From (3.1) in accordance with (3.7), and (3.8) we have
The function Φ(x) := |φ 1 (x) − φ 2 (x)| satisfies the conditions of Lemma 3.1 for 0 < x ≤ a 1 with Proof. The proof goes the same way as the proof of Theorem 3.2. The only differences are:
(1) We shall assume that there exist positive constants M, L such that
(2) We shall use the estimate
instead of the estimate in (3.8). 
Existence and uniqueness of solutions of Volterra q-integral equations
Throughout this section, I := [0, a] and I 0 := (0, a]. The purpose of this section is to study the existence and uniqueness of positive solutions of 
with 0 < m ≤ M < ∞. The associated homogenous equation to (4.1) (f ≡ 0) will also be considered. We apply two existence and uniqueness theorems introduced and used by Bushell in [7, Theorems 1.1, 1.2] to prove the existence and uniqueness of fixed points of the operators 
As remarked by Bushell, C g is a Banach space and if g(0) = 0 then C g is C with an equivalent norm, but if g(0) = 0 then C g is a subset of C with a stronger topology than the topology of C. We use the following cones in C and C g respectively,
Consequently, the interiors of K and K g are defined by The following lemma is essential in our investigations.
Lemma 4.3. Let S be the operator defined by
Sφ(x) = x 0 K(x, t)φ p (t) d q t (φ ∈ K; 0 < p < 1; 0 ≤ x ≤ a),
where K(x, t) satisfies the conditions (c 1 )-(c 3 ). Then SK ⊆ K and S is continuous on
Proof. First we prove that SK ⊆ K. Let x ∈ (0, a] be arbitrary but fixed. Choose δ > 0 such that x + δ < a. 
That is, Sφ is continuous on I 0 . At x = 0, the function Sφ is continuous at zero by defining
Sφ(x) = 0. Now, we prove that S is continuous on K 0 . Let (φ n ) n be a sequence of functions in K 0 that converges to a function φ in K 0 . We prove that
That is,
This implies that
Taking the limit as n → ∞ in (4.7) proves the required result. c 1 )-(c 2 ) . Then, the q-integral equation
has a unique positive continuous solution on [0, a] .
Hence, S is a positive homogeneous operator of degree p and from Lemma 4.3,
where C is the constant defined in (4. 
This shows that the conditions ( 
is monotone increasing and homogeneous of degree p. From (c 3 ), we obtain
Consequently, Sg ∈ K 0 g and the result follow from Theorem 4.1. Proof. The proof follows by applying Theorem 4.6 with
.
. 
and
are solution of (4.12) on [0, 1] where c is a solution of the equation
It is worth noting that there exists a unique positive root of f (t) = 0. Indeed, the function has only critical point at t 0 = p 1 1−p < 1 which is a maximum point. Hence, f is decreasing continuous function for t > t 0 such that lim t→∞ f (t) = −∞. So, there exists a unique point c ∈ (t 0 , ∞) such that f (c) = 0.
Existence and uniqueness of solutions of Fredholm q-integral equations
In this section we prove the existence and uniqueness of solutions of the Fredholm q-integral equations
and 
and G : K 0 → K 0 be the function defined by G(x) = 1/x. Therefore, T = RoG. As remarked by Bushell in [7, pp.334-335] , the operator G is a projective isometry. That is,
Also as mentioned by Bushell in [7, pp.334-335] , for all x, y ∈ E := E 1 we obtain
Hence U is a contraction mapping on the Banach space E 1 . Hence, there exists a unique point z ∈ E 1 such that
That is, RoG(z) = z RoG(z) . Hence, the required result follows by taking x = ( RoG(z) 
Explicit lower and upper bounds for solutions of q-Volterra integral equation of first kind
In [8] , Bushell introduced another existence and uniqueness theorem for fixed point of positive homogenous operators of degree p, 0 < p < 1. His result also gives explicit lower and upper bounds for the fixed point. We shall use Bushell's result to obtain explicit lower and upper bounds for solutions of q-Volterra integral equation of first kind in a cone of C [0, a] .
The following notations are needed to introduce Bushell's theorem. Let X be a real Banach space with a monotone increasing norm. Let K be a cone in X and let g ∈ K be such that g = 1. Let K g := {x ∈ K : d(x, g) < ∞}. Let F be a class of nonlinear mapping S : K → K which are such that:
(1) 0 ≤ x ≤ y implies Sx ≤ Sy, and (2) for some p, 0 < p < 1, if x ≥ 0 and λ is a positive real number, then S(λ x) = λ p Sx.
To derive our result, we take X = C[0, a], 0 < a < ∞ associated with the norm
Hence X is a real Banach space with a monotone increasing norm. Let K be the closed cone of X defined by 
